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Abstract. Material point method (MPM) is a mesh based particle method which is suitable 
to simulate applications with large deformations. MPM adopts two discretisations, one is the 
space discretisation where the equation of motion is solved, and the other is the material 
discretisation where the continuum is replaced by material points or particles. Particles are 
allowed to move through the background computational mesh, which allows MPM to 
simulate large displacements and deformations of the material [9].
The effect of the spatial discretisation on the simulation results have been studied by others
e.g. [1] considering a specific application like bending of a cantilevered beam. More 
generally, the sensitivity of the MPM solution to the two discretisations specially when 
dealing with bench mark problems in the field of geotechnical engineering has not been 
considered so far, although the method is applied widely in this area e.g. [2,13].
In this paper, the well-known problem in the field of geotechnical engineering is analyzed 
using MPM. In the case of available reference solutions the results are then evaluated. The 
effects of the two MPM discretisations on the quality of the final results have been 
investigated where some concluding remarks are presented.
1 INTRODUCTION
Since the formulation of Finite Element Method (FEM) is introduced, it has been used in
different fields of engineering especially geotechnical engineering. This method has been 
shown its capabilities to simulate different phenomena. Considering applications include large 
deformations or displacements, FEM is not able to predict the behaviour of the continuum and 
suffers from the mesh distortion. During the simulation the mesh becomes so distorted which 
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causes numerical difficulties. In the field of geotechnical engineering, large deformations of 
the soil become evident in many applications e.g. sliding of slopes, failure of strip footing, 
pile driving, etc. which require other numerical schemes for simulating and studying them.
Available numerical methods for simulating large deformations can be categorized into 
three major groups. In the first group, the methods use the advantages of the both Lagrangian 
and Eulerian descriptions of motion while avoiding their drawbacks. The Arbitrary 
Lagrangian Eulerian (ALE) method [3] and the Coupled Eulerian Lagrangian (CEL) method 
[4] are categorized in this group. Second group includes the mesh free methods like the 
Element Free Galerkin (EFG) method [5] and the Smooth Particle Hydrodynamic (SPH) 
method [6]. The last group contains the mesh based particle methods. The Particle in Cell 
(PIC) method [7], Fluid Implicit Particle (FLIP) method [8] and the Material Point Method 
(MPM) [9,10] are recognized in this group.
MPM discretises the continuum using the material points or particles and discretises the 
space using an Eulerian background fixed mesh on which the equations of motion are solved.
This mesh should cover the whole space where the material may go during the simulation 
process. Material points are the integration points which can move during the simulation.
Using this property, MPM is able to analyze large deformations where particles carry all the 
permanent information (e.g. stresses, strain, etc.) during the simulation process and no 
permanent data are stored on the mesh.
Solution procedure of MPM for one time step consists of three phases. First is the 
initialization phase where all the data are mapped from particles to the nodes of the 
background mesh. Then is the Lagrangian phase in which the equations of motion are solved 
on the mesh. At the end is the convective phase in which information are mapped back from 
the mesh to the material points and updates the data of the particles. The background mesh 
goes back to its original position (as shown in Figure 1).
Sulsky et al. [9] applied the PIC method from fluid to solid mechanics and called it the 
material point method [10]. Bardenhagen et al. [11] introduced a frictional contact algorithm 
to the method based on the Coulomb friction law. Bardenhagen and Kober [12] presented the 
Generalized Interpolation Material Point Method (GIMP) to avoid the grid crossing error 
presented in the framework of original MPM. As MPM showed its capability to simulate the 
dynamics of large deformation, the method is adopted to investigate many applications in the
field of geotechnical engineering [2,13].
The two discretisations in MPM (space discretization and the material discretization) play
important role in the quality of the final results. The effects of the interpolation order of 
discretisation for a cantilevered beam is studied by Anderson and Anderson [1]. They showed 
that the best results for the small strain problems can be obtained using the quadratic shape 
functions whereas the cubic splines show better results for the large strain cases. The size of 
the mesh as well as the number of particles per element can also affect the simulation results.
In this paper the effects of the two discretisations on the strip footing problem are studied. 
For the sake of completeness, a short description on the governing equations of MPM are 
discussed then the enhanced volumetric strain method to overcome the volumetric locking 
that happens in low order elements are briefly explained [2,15]. Next the strip footing 
problem is analyzed using different combinations of the meshes. At the end of this paper, 
some conclusion remarks are presented.
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Figure 1: MPM discretisations and the solution procedure for one time step 
2 GOVERNING EQUATIONS
The starting point is the Cauchy form of the conservation of linear momentum
𝜌𝜌?̈?𝒖 = ∇ ∙ 𝝈𝝈 + 𝜌𝜌𝒈𝒈    𝑎𝑎𝑎𝑎𝑎𝑎    𝒕𝒕 = 𝝈𝝈 ∙ 𝒏𝒏 (1)
where ρ is the material density, 𝐮𝐮 is the displacement, a superposed dot declares 
differentiation with respect to time, 𝛔𝛔 is the Cauchy stress tensor and 𝐠𝐠 is the gravitational 
acceleration vector. The surface traction acting on the external boundary is denoted by 𝐭𝐭 and 𝐧𝐧
is the outward unit normal of the boundary. Applying the virtual work principle on a domain 










where 𝑤𝑤 denotes a virtual quantity, 𝛆𝛆 is the strain tensor and the superscript T specifies the 
transpose.
For space discretization, the displacement field 𝐮𝐮 is approximated in terms of the shape 
functions 𝐍𝐍 and nodal displacements 𝐚𝐚. Then displacement and strain can be written as
𝒖𝒖 = 𝑵𝑵𝑵𝑵 (3)
𝜺𝜺 = 𝑩𝑩𝑵𝑵       𝑩𝑩 = 𝑳𝑳𝑵𝑵 (4)
where 𝐁𝐁 is the strain displacement matrix, 𝐋𝐋 is a linear differential operator. Substituting Eq. 
(3) and Eq. (4) into Eq. (2) gives [9,10]
𝑴𝑴?̈?𝑵 = 𝑭𝑭𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑭𝑭𝑖𝑖𝑖𝑖𝑒𝑒 (5)
in which 
𝑴𝑴 = � 𝜌𝜌𝑵𝑵𝑇𝑇𝑵𝑵𝑎𝑎𝑑𝑑
𝑉𝑉
(6)
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𝑭𝑭𝑖𝑖𝑖𝑖𝑒𝑒 = � 𝑩𝑩𝑇𝑇𝝈𝝈𝑎𝑎𝑑𝑑
𝑉𝑉
. (8)
Eq. (5) is identical in the context of FEM and MPM.
To increase the computational efficiency, the consistent mass matrix Eq. (6) is lumped. The 
drawback of using a lumped mass matrix is a slight dissipation in the kinetic energy [14].
The particle discretization is achieved via approximating the continuous density field using 
the Dirac delta function (𝛿𝛿), such that




where 𝒙𝒙 is an arbitrary position vector, 𝒙𝒙𝑝𝑝 is the position vector at particle 𝑝𝑝. By considering 























where VP is the volume associated to particle P and 𝐭𝐭P is the force vector from the surface 
traction mapped to the boundary particle P.
Most of the MPM applications are based on the explicit time integration scheme. This 
method is conditionally stable and the time step size should be smaller than the critical time
(∆𝑡𝑡𝑐𝑐𝑐𝑐) step value dictated by the CFL condition
∆𝑡𝑡𝑐𝑐𝑐𝑐 =
ℎ𝑚𝑚𝑖𝑖𝑖𝑖 𝑐𝑐𝑑𝑑� (13)
where hmin is the minimum representative distance in an element and cd is the compression 
wave speed.
Explicit time integration of discretised momentum equation is performed via applying
Euler forward integration scheme such that
?̈?𝑵𝑒𝑒 = [𝑴𝑴𝐿𝐿𝑒𝑒 ]−1𝑭𝑭𝑒𝑒     , ?̇?𝑵𝑝𝑝
𝑒𝑒+∆𝑒𝑒 = ?̇?𝑵𝑝𝑝𝑒𝑒 + ∆𝑡𝑡𝑵𝑵𝑝𝑝?̈?𝑵𝑒𝑒 (14)
where ∆t is the time increment, ?̇?𝑵𝑝𝑝𝑒𝑒+∆𝑒𝑒 and ?̇?𝑵𝑝𝑝𝑒𝑒 are the particle velocities at time t and t + ∆t
respectively and ?̈?𝐚t is the nodal accelerations at time t.
The nodal velocities ?̇?𝐚t+∆t at time t + ∆t are then calculated from the updated particles 
velocities, solving the following equation [9]
639
S. Fatemizadeh, F. Hamad and C. Moormann
5




Vector of nodal displacements is calculated using Euler backward integration method. 
Then the position of particles �𝒙𝒙𝑝𝑝� are updated 
∆𝑵𝑵𝑒𝑒+∆𝑒𝑒 = ∆𝑡𝑡?̇?𝑵𝑒𝑒+∆𝑒𝑒       
𝒙𝒙𝑃𝑃𝑒𝑒+∆𝑒𝑒 = 𝒙𝒙𝑃𝑃𝑒𝑒 + 𝑵𝑵𝑃𝑃∆𝑵𝑵𝑒𝑒+∆𝑒𝑒
(16)
3 ENHANCED VOLUMETRIC STRAIN METHOD
In order to overcome the locking phenomena appears in low order elements being used 
here, the method suggested by Detournay & Dzik [15] and applied in MPM by Jassim et al. 
[2] is adopted. This method is based on the nodal volumetric strain averaging. First the strain 
is decomposed into the volumetric and deviatoric parts, then nodal volumetric strains are 









where 𝜀𝜀̇?̅?𝑣𝑖𝑖 is the volumetric strain rate on node 𝑖𝑖, 𝜀𝜀?̇?𝑣𝑒𝑒 is the volumetric strain rate of the 
element 𝑒𝑒, Ω𝑒𝑒 is the volume of 𝑒𝑒 and 𝑎𝑎𝑒𝑒𝑒𝑒𝑒𝑒𝑚𝑚 is the number of elements attached to node 𝑖𝑖. The
smooth volumetric strain of the element is the average of the nodal values obtained from 








where 𝑎𝑎𝑒𝑒𝑖𝑖 is the number of nodes in an element and 𝜀𝜀̇?̅?𝑣𝑒𝑒 is the enhanced volumetric strain of 
element 𝑒𝑒. Then the final strain rate tensor of an element is defined as
𝜀𝜀̇?̅?𝑖𝑖𝑖 = 𝜀𝜀?̇?𝑖𝑖𝑖 −
1
3
(𝜀𝜀?̇?𝑣 − 𝜀𝜀̇?̅?𝑣)𝛿𝛿𝑖𝑖𝑖𝑖  (19)
where δij is the Kronecker delta. In MPM, equation (19) is applied for all individual material 
points.
4 NUMERICAL EXAMPLE
In this section the problem of a vertically loaded strip footing for undrained conditions [2]
is solved here by developing a 2D MPM programm. The geometry, mesh and boundary 
conditions are shown in Figure 2. Due to the symmetry only one half of the space is 
simulated. The analytical solution for this problem is given by Hill [16]
𝑞𝑞
𝑐𝑐� = 𝜋𝜋 + 2 (20)
in which 𝑞𝑞 is the footing pressure and 𝑐𝑐 is the cohesion of the soil.
The soil is assumed to behave according to the Tresca material model with the elastic 
modulus E = 200 MN/m2, Poisson ratio ν = 0.495, density ρ = 1800 kg/m3 and            
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c = 100 kN/m2. The footing pressure is increased gradually in stepwise with an increment 
of 2 𝑘𝑘𝑁𝑁/𝑚𝑚2.
Figure 2: Geometry and boundary conditions of the strip footing problem
Figure 3: load displacement curve of the strip footing problem
4.1 Effectivity of the enhanced volumetric strain method
To show the effectivity of the enhanced volumetric strain method to mitigate the 
volumetric locking, the strip footing problem is solved using one particle per element. Small 
strain deformation is assumed, so the positions of the particles are not updated during the 
simulation. This problem is solved to evaluate the effect of enhanced volumetric strain 
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method. Equilibrium conditions are checked in each loading step and after fulfilling the 
equilibrium conditions the load is increased. The results are shown in Figure 3 together with 
the analytical solution. From this figure, it can be seen that the enhanced volumetric strain 
method is able to relax the elements from locking and the curve is nearer to the analytical 
solution. The gap between the enhanced solution and the analytical solution is attributed to 
the mesh refinement. By using finer mesh this gap becomes smaller. The same problem is 
solved using a finer mesh with cell size 0.2 m instead 0.5 m. The results are shown in Figure 
3. It is obvious that the finer mesh reduces the distance between the analytical solution and the 
numerical one.
The effect of applying the load on particles (as performed previously) or on the nodes, 
furthermore, the effect of updating the location of the particles is analyzed using the mesh of
cell size 0.5 m as shown in Figure 4. Applying the load on particles or as in classical FEM on 
nodes does not affect the results here as we do not updated the locations of the particles, but 
by updating the particle locations this effect can be seen and the curve deviates from the 
classical FEM and becomes more separated from the analytical solution.
Figure 4: load displacement curve to investigate the effect of applying lods on nodes or particles and 
updating particle positions
4.2 The effect of the element size
The regular discretization, shown in Figure 2, with 0.5 m cell size has been compared to
coarser mesh (1 m) and an unstructured mesh, see Figure 5. Four particles are placed initially 
inside each element. After applying the self-weight of the soil, the pressure of the footing is 
increased in stepwise with a value of 2 kN/m2. After fulfilling the equilibrium conditions, 
[2], the loading procedure is continued.
Figure 6 shows the vertical displacement of a particle located immediately below the
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footing on the left. In this figure the results from the three meshes together with the analytical 
solution are shown. Results of the cell size 0.5 m and the unstructured mesh are closer to the 
analytical solution than the coarse mesh. Figure 7 shows the total displacement of the particles 
using the mesh shown in Figure 2. Figure 8 takes a closer look at the particles displacement
below the footing and shows their total displacement. As can be seen from this figure the 
particles under the footing start to travel to the other elements. As mentioned before, using 
this property MPM can simulate large deformations, but at the same time the grid crossing 
error appears which affect the final results.
Figure 5: three-noded unstructured mesh
Figure 6: load displacement curve for the three different meshes
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Figure 7: total displacement of the particles using 0.5 m mesh size
Figure 8: total displacement of the particles using 0.5 m mesh size
4.3 The effect of the number of particles
In this part of the paper, the effect of the initial number of particles per element on the final 
results of the footing problem is analyzed. A mesh with the cell size of 1.0 m is used with one, 
four and ten particles per element. The simulations are performed by applying the traction on 
the boundary particles and allowing the particles to follow the deformation. Figure 9 shows 
the vertical displacement of a particle located immediately below the footing on the left. As 
can be seen from Figure 9, no difference can be noticed between the ultimate bearing 
capacities. Figure 10 but focuses on the displacements between zero and 15 cm of Figure 9.
For the same load, the model with initially 10 particles per element shows the smallest 
deformation. Next is the model with initially four particles per element and then the one with 
initially one particle per element. It can be concluded that the model with initially ten particles 
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per element shows more accurate results for the intermediate loading (before failure) than the 
two other models and the one with initially four particles per element is more accurate than 
the model with initially one particle per element.
Figure 9: load displacement curve for the three different meshes
Figure 10: load displacement curve for the three different meshes zoomed on deformations between zero and 
0.15 m
5 SUMMERY AND CONCLUSION
In this study the effect of different discretisations on the simulation results of a strip 
footing problem is investigated. After a short description of MPM working procedure and 
governing equations, the problem of strip footing with large deformation is analyzed using 
different meshes and different number of particles per element. Grid crossing of particles 
Focused and shown in Figure 10
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which happen in the context of MPM influence the quality of the results. In the other side this 
particles moving to other elements enables MPM to simulate large deformations of the 
material. As shown in this study refining the mesh and increasing the initial number of 
particles per element helps to reduce this error.
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